arXiv: 1507.06448vl [math-ph] 23 Jul 2015 


On the spatial asymptotic decay of a suitable weak 
solution to the Navier-Stokes Cauchy problem 

F. Crispo and P. Maremonti * 


Abstract - We prove space-time decay estimates of suitable weak solutions to the Navier- 
Stokes Cauchy problem, corresponding to a given asymptotic behavior of the initial data of 
the same order of decay. We use two main tools. The first is a result obtained in [4] on the 
behavior of the solution in a neighborhood of t = 0 in the Lf^^-norm, which enables us to furnish 
a representation formula for a suitable weak solution. The second is the asymptotic behavior 
of ||u(t)||2,2(]g3\sji) foi' R °o- Following a Leray’s point of view, roughly speaking our result 
proves that a possible space-time turbulence does not perturb the asymptotic spatial behavior 
of the initial data of a suitable weak solution. 
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1 Introduction 

In this paper, we study the initial value problem: 

Vt + V ■ Vu -|- V7r.„ = Av, V • u = 0, in (0, T) x R.^, , , 

u(0,x) = Vo{x) on {0} X R^. 

In system (II.II) v is the kinetic field, is the pressure field, Vt '■= and v-Vv ■='Vk-^^v. 
For brevity, we assume zero body force. We set J‘?(R^) :=completion of with 

respect to the L‘?-norm, q G (l,oo). The symbol denotes the subset of C^(R^) 

whose elements are divergence free. By Pq (the index q is omitted when there is no 
danger of confusion) we mean the projector from L'^ into J"^. For properties and details 
on these spaces see for instance [6]. Moreover, we set J^’'J(R^) :=completion of '^o(R^) 
with respect to the IF^’'*-norm. For a nonnegative integer m, if A is a Banach space, the 
symbols C'"*(a, 6;A) and LP{a,b;X) mean the spaces of functions defined in (a, 6) C R 
with value in the Banach space X, that are m-times continuous differentiable in [a, 6] 
and L^-integrable on (a, &), respectively. 

We use the same symbol to denote vector or scalar functions and function spaces. We 
set (u, g) := f u ■ gdx . 

R3 

Definition 1.1 A pair {v, iTy), such that v : (0, T) x R^ — >■ R^ and : (0, T) x R^ — >■ R, 
is said a weak solution to problem (11.11) if 
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i) for all T > 0, V £ L^(0, T; and ttv £ T) x R^), 


t 


\\v{t)\\l +2 J ||Vi;(r)|||dT < ||i;(s)||^, Vi > s, for s 


= 0 and a.e. in s > 0, 


S 


a) lim ||r(i) — rob = 0, 

/ II \ y II 

Hi) for all t,s £ (0,T), the pair (r,7r„) satisfies the equation: 


/ 


{v, :pr) - (Vv, V(p) + (v ■ V(p, r) + (tt^, V • (p) dr + (r(s), Lp{s)) = (r(i), ip{t)), 


S 


for all (fi S (7q([0,T) x R^). 


As it is known, the regularity and uniqueness of a weak solution are still open problems. 
However, in order to improve the results of regularity, in the fundamental paper [I], 
Caffarelli, Kohn and Nirenberg introduce the notion of suitable weak solution: 

Definition 1.2 A pair {v, 7r„) is said a suitable weak solution if it is a weak solution in 
the sense of the Definition \l.l \ and, moreover, 



( 1 . 2 ) 



for all t > s, for s = 0 and a.e. in s > 0, and for all nonnegative (j) £ C^(IR. x M^). 

In [T] and m the following existence result is proved: 

Theorem 1.1 For all Vo £ J^(f2) there exists a suitable weak solution. 

Further in the same paper [T] it is proved that in the set of suitable weak solutions 
a partial regularity result holds. Among others things, in [T] the authors prove that 
under the further assumption \7vo £ \ Bug) a suitable weak solution is regular 

in a neighborhood of “infinity”, that is for |x| > MqRq,Mq > 1. Roughly speaking, 
this result is the analogous of the one related to the structure theorem by Leray, with 
the difference that Leray’s result is on regularity of a weak solution in neighborhood of 
t = + 00 . Still in the light of the analogy, roughly speaking, following Leray, we say that 
the possible turbulence of a weak solution not only appears in a finite time but also in a 
bounded region of the space, whose parabolic one-dimensional Hausdorff measure is null 
(this last is true as soon as a suitable weak solution exists). Actually, the smallness of 
the data for large |a:|, although given by means of integrability conditions outside a ball, 
preserves the regularity of the weak solution (as for “small data”). 

In the wake of the previous results, in [4] we have proved a result concerning the 
behavior in time of the norm of the solution in a neighborhood of < = 0 for suitable 
weak solutions, corresponding to a suitably small data (see Theorem 12.11 belowl. 
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The aim of this note goes in the direction of the last claims. We prove that, not 
only the possible turbulence does not perturb the regularity of a weak solution in a 
neighborhood of t = +oo, but, if an asymptotic spatial behavior of the initial data Vo is 
given, then the same behavior holds for a suitable weak solution for alH > 0. As far as 
we know, such a property to date was ensured only for small data (cf. [3], [7]). 

The theorem we are going to state is the main result of the paper: 

Theorem 1.2 Let Vo € J^(R^) and, for some a € [1,3) and Rq > 0, let be |uo(a:)| < 
T4|a;|““, for |a;| > Rq. Let(u,7r„) be a suitable weak solution to the Navier-Stokes Cauchy 
problem. Then, there exists a constant M > 1 such that 

|z;(t,a:)| < c(uo)|a:|““, for all {t,x) G {0,oo) x \ BmRo, (1-3) 

where M is independent of Vo and c(vo) depends on Vo and ||uo|| 2 - 
Corollary 1.1 For a solution of Theorem ! 1.21 for all /3 G [0,a], we get: 

\v(t,x)\ < c{vo)\x\~°'^^t~^, for all {t,x) G {0,oo) xR^ \ BmRo', (1-4) 

and 

\v{t,x)\ < c{vo)\x\~°‘^^t~^, for all (t,x) G {To,oo) xR^, (1.5) 

where Tq < c||uo|| 2 - 

Here we state Theorem ll.2l for solutions to the Navier-Stokes Cauchy problem just for 
the sake of brevity. The result of Theorem ll.2l can be seen as a continuous dependence 
of the null solution. In this sense the theorem is a continuation of the one proved in [4] , 
that we employ here for regularity, see Theorem l2. II below. 

In a forthcoming paper, the same result will be proved for a three dimensional exterior 
domain Q and for weak solutions with initial data in J^(H), hence not necessarily with 
finite energy! This assumption seems to be more coherent with the assumption |uo(a:)| < 
Vo\x\-^,aG [1,3). 

As far as we know, the technique employed to prove Theorem ll.2l is original in the 
framework of the ones employed to prove a spatial asymptotic behavior of a solution 
v{t,x), more in general, to a parabolic equation. Indeed, it essentially follows from 
two properties. The former, well known, concerns the spatial behavior of the solution 
w(t, x) to the heat equation. The latter is connected with the asymptotic behavior of 
the functional: 

J \u{t,y)\'^dy < c{t)\x\~\ (1.6) 

\y\>c\x\ 

where u = v — w, which we think to be an original tool for the spatial behavior. Estimate 
(fT^ comes from estimate (O for a suitable (j>{x), written for the difference u. For the 
special (f>, we like to call the above functional as Leray’s generalized energy inequality. It 
was used by Leray in [9] for a compactness property. 

We conclude the introduction by quoting paper [^, where a similar result is given. 
More precisely, for the Navier-Stokes initial boundary value problem in an exterior do¬ 
main H C it is proved: 
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Assume that the initial data vo G fl with |'yo(a:)| < Vb|a;| for some 

a G [|j3) and |a;| > i?o > 0. Assume that, 7 € (0, j], vq G fl ji{n) . Then, 

there are suitable constants cq and Rq such that 

|u(t,x)| < co|x|“ for all {t,x) G (0,oo) x \ 


Here, A 2 := P 2 A is the Stokes operator, and £>(^ 2 ) the domain of definition of the 
fractional power s of A 2 . 

We point out that key ideas, the technique and the proofs in [5] and in the present 
paper are completely different. 

The plan of the paper is the following. In order to perform pointwise estimates, in 
sec. 2 we establish results of partial regularity based on the results of [4]. In sec. 3 we 
recall classical results concerning the solutions to the Stokes Cauchy problem. In sec. 4 we 
prove estimate m which is strategic for our aims. In sec. 5 we give the representation 
formula of the solutions to the Navier-Stokes Cauchy problem that we employ in sec. 6 
and sec. 7 to prove our results. 


2 Preliminary results on partial regularity of a suitable weak 
solution 


Throughout the paper, where it is appropriate, we give an explicit dependence of the 
constants from the L^-norm of the data. In the other cases, the dependence will be 
referred to simply by c(wo). 


Lemma 2.1 In the hypotheses of Theorem ll.2l 


for all e > 0 , 


R3 


\x-y\ 


dy < -^\vo\\ A -^iVo\vo\ 2 , |a;|> 


ex 


1 -e’ 


( 2 . 1 ) 


with c independent of x and Vo 


Proof. We start by proving (EH) for 0 = 1. Then, a fortiori, it holds for a G (1,3). 
Given e > 0 and x G K^, by virtue of our assumption, we easily deduce that 




jdy < 


Xo 


\x-y\ J \x- y\ 

\v\<(l-e)\x\ 


<^+C 


ex 


dy + cVoj 

(l-e)|x|<|y| 

f (1 + M)-" 


Xo 


\x-y\{l + \y\) 


dy 


( 2 . 2 ) 


\x-y\^ 


dy 


'Vo\\v. 


oIrCo ||2) 


(l-e)|x|<|y| 

which implies the thesis. 

Let xo G and i?o > 0. Let Vo G J^(R^). We set 

ko(2/)p 


>^oixo,Ro) := ess sup ||fo|U(x) := 

B{xq,Rq) 


' - y\ 


dy)- 


||l°°(S(xo,Ho)) • 
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Theorem 2.1 Let {v,ttv) be a suitable weak solution corresponding to Vo G 
There exist absolute constants ei, Ci and C 2 such that, if 

Rq) < 1 and C 2 i<S‘o +^o) < (2-3) 


then 

\v{t,x)\<c{<^^+ (2.4) 

provided that (t,x) is a Lebesgue point with ||?^o|U(x) < 00 and x G B(xq,Rq). 

Proof. See |4], Theorem 1.1. 

□ 

We complete the results concerning a suitable weak solution with the following lemma 
on the regularity and the asymptotic behavior of the solutions: 

Lemma 2.2 If Vo S J^(R^) fl JP(M.^),p S (1,2], then there exists a Tq < c||no ||2 such 


that 




0 ( 1 ) ifp = 2 , 

c{vo)t~^^p~^\ t > 0 ifpG (1,2). 


(2.5) 


1^(01100 < c||ao|| 2 t s t > To- 

Proof. Estinicitcs (|2.5p i 2 Cciii be foinid in m, instead is well known (see Leray 

i)- 


Lemma 2.3 In the hypotheses of Theorem l 1. 21 there exists a constant Mq > 1 such that 
|a(f,a:)| < c(£’q +S'Q)3t~^, a.e. in t > 0 and |a;| > MqRq, (2.6) 


provided that (t, x) is a Lebesgue point. 

Proof. It is enough to verify that the hypotheses of Theorem l2.ll are satisfied. To this 

end, we employ Lemma[2T] which ensures the existence of R{Ci,C 2 ,Si) such that, for 

jx] > R, [/ dy]i satisfies p.3ll . Setting R := MqRq, we have proved the lemma. 

R3 ' ' ^ 

As a consequence of the above lemmas on the L°“-norm of a suitable weak solution 
we can claim 


Corollary 2.1 In the hypotheses of Theorem l 1.21 we get 

lkWllL“(|x|>MoKo) < c(vo,To)t-i, t > 0. (2.7) 

Lemma 2.4 If {v,ttv) is a suitable weak solution, then, the pressure held admits the 
representation formula: 






£(x- y)v\y)v^ (y)dy =: IE[u, w](l, x) 


( 2 . 8 ) 


a.e. in (t,x) S (0,oo) x 


Proof. See [1], Lemma 4.1. 
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3 Some lemmas on the Stokes Cauchy problem 


We consider the Stokes Cauchy problem 

Wt — Aw = — VtTu,, V • w = 0 in (0,T) X u;(0,a:) = Vo{x) on {0} x (3.1) 

We denote by 

H,j{s,z) :=SijH{s,z) := (5y(47rs)“5e“T ( 3 . 2 ) 

the general component of the heat kernel tensor, and set 

]HI[?ii(s)](t — s, x) := / H{t — s,x — y)w{s,y)dy . 

R3 

Then, for the solution of (j3.1l) we have w{t,x) := ]HI[?;o](t,a;). Moreover, we recall the 
estimate (k nonnegative integer and f3 multi-index): 

z)| < c(|z| + s^)-3-2fe-|/3| . ( 3 _ 3 ) 


We are interested in the following result: 

Lemma 3.1 In the hypotheses of Theorem ll.2l on Vo, 
for allT>0,wG C{0,T- L'^(R ^)), 

for allr]>0,k> 0, |/3| > 0, B^D^w G C(r], T; Cb{R^)) C C{r], T; L‘^(R^)) , 

* (3.4) 

||?r(t)|| + 2 / ||V?r(r)||^dr = ||w(s)||^, for all t > s > 0. 


Moreover, there holds 


\w{t,x)\ < cmin{||tio||2,14} min { 


(i+f)^’(i+N)' 


f > 0 , |a;| > max{2f?o, 1}. (3.5) 


Proof. Properties (13.411 are well known. To prove (13.511 . we employ the representation 
formula and (I3.3I1 . so that 


\w{t,x)\< jH{t,x-y)\vo{y)\dy = J H{t,x - y)\vo{y)\dy+VojH{t,x - y){l + \y\) °'dy 
R3 B(Ro) S?\B{Ro) 

< c(i?o)||ro|| 2 (|a;| -I- t^)~^ + cVo min{(l-|-t)“^, (l-|-|a:|)““}, 
provided that |a:| > max{ 2 i? 0 ; 1 }) which proves the lemma. ^ 

We also approach problem dSIli in a form weaker than the usual one for the initial 
value problem for the Stokes equations. This weak formulation, introduced in m, allows 
to consider initial data in the Lebesgue spaces L^, p G [1, 00 ], and not in the space of the 
hydrodynamics JP, p G (l,oo). Its interest is connected with the possibility of deducing 
estimates in ^’'-spaces with r G (1, 00 ] by means of duality arguments. Of course, for an 
initial data in Jp we come back to the classical Stokes solutions. 

We have the following special result, for a general formulation see [11] (such a solution 
is denoted by {9,TTe j): 
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Lemma 3.2 Let Oq G C'o(M^). Then, to the data Oq there corresponds a unique smooth 
solution (d,co) to the Cauchy problem (13.11) such that 9 € D (7(0, T; J'?(R^)), 9 G 

q>l 

n L^(? 7 ,T; and 0* G n T; ry > 0. Moreover, for q G (l,oo], 

q>l q>l 

|| 6 '(t)|l 9 < c|| 0 o||ii”'", p = ^{1-^), t> 0] 

||V0(1)||, < c||0o||ii-'^7 Pi=^ + P (3.6) 

\\dt{t)\\q < c||6lo||l^"'"^ P 2 =i + P,t>0; 

with c independent of 9o- Finally, liin(0(i) — 9o,(p) = 0 holds for any ip G (7^(R^) (~l 
J1’«'(R3). 


Proof. See [TT], Leinma3.2. 


□ 


Corollary 3.1 In the hypotheses of Lemma \3.2[ for all A G (0,1], the following estimates 
hold: 

ii0(i)-0(5)11, <cr"-^('-^)|i-s|^ii0oiii, ^ ^ 

(3.7) 

\\V9it) - V0(s)||, < - 5|"||0o||i, 

t,s > 0, where ^ := inin{s, t}. 

Proof. Let ^ := inin{s,t}. From (j3.6p i . ||0(|)||, < c||0o||iC~^. On the other hand, 
from the representation formula, one has 9(t,x) = H[6((|)](t — |,a;). Hence, using the 
L'^-Holder’s properties of 9, for all A G (0,1], we get 

ii0(i) - 0(5)1, < cr"|t - 5|^iid(|)ii, < - s|^ii0oiii. 

Similar arguments lead to estimate 


4 A space time behavior of the Leray’s generalized energy in¬ 
equality 

We start by proving the following interpolation inequality, of the same kind of the one 
by Gagliardo and Nirenberg. It is a particular case of a more general result for exterior 
domains, obtained in [2]. The difference with respect to the usual result is that the 
function u does not belong to a completion space of C((°(M^). 

Lemma 4.1 Let u G ^ Bji). Then there exists a constant c independent of u 

and R such that, for any p G [2,6], 

l|w||LP(|a:|>ii) < c||Vu||22(|2,|>i{)||M|li2(“3,|>^) , a= ^ (4.1) 


Proof. Let x G \ Bji be the vertex of an infinite cone (7a; C \ Bu, of fixed 
aperture independent of x. Let (r, 0) be spherical polar coordinates with origin at x, 
assume that the cone Cx is given by r G (0, oo) and 0 G 0, and let r^uj{9)drd9 the volume 



element. Let {hp{r)} be a sequence of smooth cut-off functions such that hp{r) G [0,1] 
hp{r) = 1 for r < p, hp{r) = 0 for r > 2p, and \h'p{r)\ < cp~^. Then 


|u(a;)| = |u(0, 0)1 = I — / -;:^{u{r,9)h{r))dr\ < / |VM(r, 0)/i(r)|dr H— / \u{r,9)\dr. 

Jo dr Jq pJ^ 


Multiplying by to [9) and integrating over 0 we get 

Hv)\ 


47 r|u(a:)| < 




jdy < 


|v.(i,)|^^ , c 


Hy)\ 


'Co, 


'\y\>R\x-y\^ pJ\y\>R\x-y\‘ 


■dy. 


\x-y\‘^ pJc^lx-yl"^ 

We let p tend to infinity and then apply the Hardy-Littlewood-Sobolev theorem, and we 
find 

l|M||L6(|a;|>;j) < c||Vu||i2(|3.|>_fj) , (4.2) 

with c independent of R. Using the interpolation between Lebesgue spaces 

3(p-2) 




2 p 


and then estimate (|4.2L we arrive at gH). 

We set 

u := V — w and 7r„ := iTy, 


(4.3) 


where (u,7r„) is a suitable weak solution to the Navier-Stokes Cauchy problem and w is 
the solution to the Stokes Cauchy problem. Both the solutions assume the initial data 
Vo. We define the symbol || • \\LP(k,R) ■= II ’ |lLP(|y|>^fl), for all fc > 0. 

Lemma 4.2 In the hypotheses of Theoren] ll.2l for all k > 2 and for R > IRq, there 
exists a c{k) such that 

i s. Vo U? 1 2 

\'Xv \L'^{k,R) ^ c||lt||III ll'^lli^(fc-l,^J)fo '^“^2a-|+;^|lko||2, (4.4) 

almost everywhere in t > 0. 

Proof. From (14.31) and the representation formula (12.Sp of the pressure field we get 


TTy = E(w 0 u) = E(it 0 u) -I- E(m 0 w ) -I- E(?« 0 m) -I- E(?« 0 rc) = ^ tt * . 


(4.5) 


For i = I,-- - ,4 and |a:| > 
estimate 

\Tr\x)\ <c [ 


fc +1 


i?, we get, with obvious meaning of the symbols, the 


\x - y\ 


sdy + \D^ 


y)ahbkdy \ =: 


\y\<^R 

By the assumption on x there holds 


\v\>^R 


|a: - y| > |x| - |y| > for all \y\ < ^R, 
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and we get 


which implies 

c(k) 

lklllL2(fc,fl) < —3-||w||2||^'o||2, I = 2,3. 

For the term by applying the Calderon-Zigmund theorem and then Lemma r3.1l we 
get ^ 

< c|||u||w|||L2(fe_i,_R) < C^\\u\\L‘^(^k-l,R), * = 2, 3 . 

Repeating the above arguments for the term tt^, we get 

ki(x)| < ^Ikolk 

hence 

II 4|| ^ C{k) 2 

R2 

Since a > 1 and R > 4i?o, from Lemma l??^ we easily deduce 
hULHk,R) < c\\w‘^\\L^k-l,R) < 


Finally, we estimate For t:\ we obtain the same estimate, that is 


kk)l < 


z{k) 


M < 
II2 ^ 


z{k) 


% 


Hence, we get 

II 1II ^ II II2 

IFi \\L'^{k,R) < —3-|ko||2- 

Applying the Calderon-Zigmund theorem for singular integrals and estimate (03 , we 
get 

i 3 

The above estimate and formula (14.51) give (03). 


Lemma 4.3 In the hypotheses of Theorem \1.2i for all k > 2 and for R > 2Moi?o, there 
exists a constant c such that 

hv\\L^k,R) < c{\\v\\l + Ik||i4(fc_i^fi)), (4.6) 

almost everywhere in t > 0. 

Proof. Estimate (14.61) is obtained by the same arguments used in the proof of Lemma lT^ 
provided that we consider Ek,?;] and not its decomposition by means of u,w. The 
constant c depends on k and R, however it is bounded with respect either to k and R.^ 
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Lemma 4.4 Assume that {v,ttv) is a suitable weak solution. Then it satisfies the fol¬ 
lowing inequality 


t 

\v{t)\‘^'il){t)dx2 j J |Vw(t)P' 0 dxdr < J \v{s)\'^ilj{s)dx 


s B3 R3 

t t 

I _I / / n..i2 


+ y y \vf {-ipr + ^'4’)dxdTJ J (\vf 2Try)v ■ V-ipdxdr, 

S B3 S R3 


(4.7) 


for all t > s, for s = 0 and a.e. in s > 0, and for all nonnegative ijj € (R^)). 


Proof. Taking into account the integrability properties of a suitable weak solution, all 
the terms in (HTl) make sense. Let us define a sequence of smooth cut-off functions 
{hp(x)} with hp(x) S [0,1], hp(x) = 1 for lx] < p, hp(x) — 0 for |x| > 2p. Then for 
any r/ > 0 and p > 0 the function (j)P’^{t,x) := Jrj{hp{x)'ijj{t, x)), where Jp is a Friedrichs 
mollifier, belongs to (^“(R x R^). Hence, from (EH) written with </> replaced by , 
passing to the limit as p —^ 0 and, subsequently, as p —>■ oo, by the integrability properties 
of (v,7ry) and the Lebesgue dominated convergence theorem, we obtain the result. 


Lemma 4.5 In the hypotheses of Theorem ! 1. for all t > 0 and for all nonnegative 
function p S C'j(R^), such that p = 0 for \x\ < max{2i?o,l}, the following inequality 
holds 


t t t 

\u{t)\‘^(fdy J J iVuppdpdr < 2JJ ^fdydr J J u-VipiTudydr 


0 R3 
t 


0 R3 


0 B3 


|upu-Vp-|- lupw-Vp 


dydr 


(4.8) 


0 R3 
t 


U-Vu-Wip U-Vipu-W -f W-Vu-Wif W-Vipu-W 


dydr. 


0 R3 


Proof. The proof is an easy consequence of the Leray-Serrin technique. Indeed, from 
Lemma r4.41 we can consider the generalized energy inequality (I4J1) for a weak solution 
V with ip{T,x) := h{T)(p{x), with p S C'^(R^) nonnegative, such that p = 0 for \x\ < 
max{2i?o, 1}, and h G [0,1] smooth cut-off function such that /i(r) = 1 for r G [s,t], 
t > s > 2e, h^r) = 0 for r < e and in a neighborhood of T. Then the following inequality 
holds: 


R3 


z 

\v{t)\^ipdx-\-2 / / |Vr!ppdxdT < / \v{s)\^Lpdx 

S R3 R3 

t 


+ Ivl"^Aifdxdr + (|up -|- 27rt,)u • Vipdxdr. 


(4.9) 


S R3 
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Reasoning in analogous way for w, but recalling the regularity of w and the linear char¬ 
acter of the equations, we deduce 




t t 

’'(pdx + 2 j J \yw\'^(pdxdT = j \w[s)\^(pdx + J j \w\^lS.(pdxdT. (4.10) 


s R3 


s R3 


In the weak formulation of {v^ Wy) we can replace the test function <p(t, x) by the function 
ip(T,x)hp{x)w{T,x) = h{T)ip{x)hp{x)w{T,x), with {/ip(a;)} C [0,1] sequence of smooth 
cut-off functions, hp{x) = 1 for |a;| < p, hp{x) = 0 for |a;| > 2p. Then for any p > 0 the 
function x)hp{x)w{T, x) belongs to Co([0,T) x M^). Hence, we get 


I 

{v{t),w{t)(p hp) + J J Vv ■ Vwifihpdydr = {v{s),w{s)iphp) 


{v, Wrfhp) — (Vu, V((p/ip) ^w) + {v- V{(php), V ■ w) 


-|-(n • Vrc, iphpv) + (7r„, w ■ V{(php)) 


dr. 


Recalling that Wr = Aw, and observing that, by interpolation, estimate (12.61) and the 
energy inequality imply v G L'*(0, T; \ BmoRo))^ we have 


t 

{v{t),w{t)iphp) + 2 J J Vv ■ VwiphpdydT = (v{s),w[s)iphp) 


{v, wA{iphp)) + {v ■ V{iphp), V w) + {v ■ Vw, (phpv) + (7r„, w ■ V((p/ip)) 


dr. 


By using the integrability properties of v and w, passing to the limit as p tends to infinity 
we find 


t 

{v{t),w{t)ip) + 2 J J Vv-Vwipdydi 


s R3 


{v{s),w{s)ip) 


t 



S 


Multiplying this last relation by —2 and summing to the inequalities (I4.9D - (I4.10I) . 
recalling also that tp is null for |a;| < max{2iio, 1} ensures that w{t,x) satisfies estimate 
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(1331), we deduce 

t t 

i J \u{t)\^ipdy + j J \\7u\^>pdydT j \u{s)\^ipdy+ J j \u\^i^^dydi 


s R3 


+ J J +- 

S R3 
t 


t 


|■Up^t•V^/5+ Iwpw-Vv? 


dydr 


u-Vu-wif + u-'S/ipu-w + w-'S/u-WLp + w-Vifu-w dydr. 


(4.11) 


Thanks to the integrability properties of u and the regularity of w for |a;| > 2Rq^ given 
in Lemma lXn we can pass to the limit as s > 2e tends to 0 and we get ()4.8I) . 

This lemma is a relevant tool for proving Lemma|T3] on the asymptotic behavior in 
R of the L^-norm oi u = v — w outside the ball Bn, uniformly in a. Actually, if we start 
from the energy inequality, we could get an asymptotic behavior in R only for a > |. 
Assume that (p G is defined as follows 

f 1 if |x| > ^,R, 

TO >2, (^:= (^^(to):=<^ e [0,1] if |a;| G [^i?, 

[ 0 if |x| < (4.12) 

\VipR{m)\ + R\ApR{m)\ < c{m)R~^. 


We define (j)n{m){T,x) := k{T) (pn{m){x) with A:(t) G [0,1] smooth cut-off function 
such that fc(r) = 1 for |r| < t and A:(r) = 0 for |r| > 2t. Since (j)R{m) belongs to 
C(]“(]R; Cj (R^)), by Lemma lT4l we can use 4‘R{m) as test function in (11.21) . and we get 
the following generalized energy inequality (I4.13L that we will call generalized Leray’s 
energy inequality: 


I 

|u(t)|^(/3i{(TO)da;-I-2 J J \Vv\'^(pR{m)dxdT < J\v{s)\'^ipR{m)dx 


s R 3 R 3 

t t 

,|2 A I / / n„.l2 


J J \vr ApR(rn)dxdT J J (kb + 27r„)u • VipR{m)dxdT, 

s R3 s R3 


(4.13) 


for all t > s, for s = 0 and a.e. in s > 0. 


Lemma 4.6 The following estimate holds 

\\u{t)\\L^6.,R) < cR~h^C{vo), R > 4i?o,t > 0, (4.14) 

with C'^('Uo) := + K^lluojli -k K^ljuolh + V;||uo||i -k ||uo||i -k luojli- 

Proof. We consider the sequence of function (14.121) . In (14.8p we replace p by p‘j^{k). By 
obvious meaning of the symbols on the right-hand side, we obtain 

t 

^\\u{t)pR{k)\\l+ J J \Vu\^p%{k)dydT < J2^\R{t,k)\. 

0 R3 
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We estimate each = 1,..., 8. Recalling the definition of (fiR{k), we get 

t 

• \h\<c{k)R-‘^ j \\u\l 2 (k-i,R)dT] 

0 

• by virtue of estimate (lOl) applying Holder’s inequality, we get 

t t 

Ihl < c{k)R~^J |||7r„||M|||Li(fc_i,/{)dT < c{k)R~^J\\nu\\L^(k-i.^R)\\u\\L 2 (k-i,R)dT 


<c{k)R ( ||^||£2(;5._2,ii) + oa 


W2 1 

I I II l |2 

+C—;^2a—- ^—T^- b’o 2 
^2a 2 ^ 2 " 


\\u\L'^(k-l,R)dT . 


• by virtue of estimate (HU, we get 

t t 

I/ 3 I <c{k)R-^ J \\u\l^k_i^ji)dT < c{k)R-^ j ||w|IE2(fe_i_^)||Vu||£2(fc_i_^)dr; 

0 0 

• by virtue of (|3.5p . we have 

t 

Ih + hi < c{k)R-^-°‘Vo J ||w||i2(fe_i,^)dr; 

0 

• by virtue of (1^ . applying first the Holder inequality and then the Cauchy in¬ 
equality, we get 

t t 

141 <cR~‘^°‘V^ J \\u(pR{k)\\ldTJ ||v3fi(fc)Vu||^dr 
0 0 
t t 

< cR J ||M||E 2 (fe_i^/{)d'r-I- - J ||</5/j(fc)Vu||2d'r; 


• by virtue of (1^ . applying the Holder inequality and then the Cauchy inequality, 
we get 

t t 

141 <cj ||■u;(^i^(fc)|| 4 dr-b t j ||v?_R(fc)Vu|| 2 dr 
0 0 
t 

<cV^R~‘^°‘+h+2 J ||(/?K(fc)V'u||2dr; 


0 
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• by virtue of (j3.5ll . applying the Holder inequality, we get 

t t 

l/sl < c(/c)i?"^y J \\u\\L2t^k-i,R)dT. 

0 0 


The above estimates allow to deduce the following one: 


^\\u{t)ipR{k)\\l + ^ j J \Vu\^ipjiik)dydT 

0 

t 

<c{k)R Co{Vo)t + / 


(4.15) 


0 

with Co{vo) := + K?||^^o ||2 + Kluoli + Writing estimate (14.151) with 

k = 2 gives 

t 

]^\\u{t)LpR{2)\l+^j j\Vu\^tf\{2)dydT<c{2)R-'^{Co{voyr\\vof2)t^, for t S (0,1), (4.16) 

0 R3 


and 

t 

^\\u{t)(pR{2)\\l + ^J J |Vu|VI( 2 )d 2 /dT < c(2)i?"^(C'o(uo) + ||uo||i)t, for t > 1, (4.17) 

0 R3 

which proves (I4.14p for t > 1. Taking into account estimate (j4.16|) . we evaluate (14.151) 
for fc = 4 and t G (0,1), and we get 


i||u(t)vJfi(4)||2 + i J y |Vu|^(/?^(4)d?/dr < c(4)i? (C'o(uo) + ||uo||i), forte (0,1). 

0 R3 

(4.18) 

Taking into account (j4.18|) and evaluating (14.151) for fc = 6 and t G (0,1), we get 


]^\u{t)(pR{&)\l + ]^ J J\Vu\^(pR{6)dydT <c(6)R ^{Co{vo)t + \\vo\\lU^, forte (0,1), 

0 R3 

which gives (14.141) for t G (0,1). This last estimate and (14.171) complete the proof. 


5 Pointwise representation of the weak solution for {t,x) e (0,r) x 
(Rn^2flo) 

The following result is similar to Lemma 3.5 in |12] . but we are replacing a J^-continuity 
assumption with a J^-weak continuity one. 




















Lemma 5.1 Letv{t) be a J^{M.^)-weakly continuous function on [0,T), ip gC{ 0,T;J‘^{]&^)) 
and ipo S such that limt_>o(V’(i)) = (V'o,'^) for all ip G Then, for all 

t G (0, T), the following limit property holds 


lim(w(t - S),ip{6)) = {v{t), Ipo) ■ 

5—>0 

Proof. From the limit assumption on ip{t) as t —>■ 0 and from the J^(K^)-strong conti¬ 
nuity of ip{t), we can infer that ip{0) = P{ipo)- Since for any t G [0,T), v{t) G 
for any <5 > 0 we have 


|(n(t - 5),ip{5)) - (v{t),ipo)\ = |(n(t- - v{t),ipo) + {v{t - S),ip{6) - ipo)\ 

< |(n(t -6)- v{t),ip{0))\ + \\v{t - <5)||||V’(^) - V’(0)|| ■ 


Using the J^-weak continuity for the first term on the right-hand side, and the J^-strong 
continuity of ip{S) for second one, we get the result. 

We premise the following regularity result of the weak solution v{t,x): 

Lemma 5.2 In the hypotheses of Theoren Al.2l we set v(t.x)€C(0.T: bUI. 

Proof. Let {h^} C [0, 1] be a sequence of smooth cut-off functions with hrj{t — r) = 1 
for t — r > 2r], hr,{t — t) = 0 for t — r < 77 . Let us consider the Navier-Stokes weak 
formulation corresponding to a solution (y,TTv) written on the interval ( 0 ,t — 2r]), with 
hrf{t — T)(p]i{i)9*{T,x) as test function. The function 75 _r( 4 ) is defined in (14.121) . and we 
set R := 2MoRo, while 9* := 9{t — r, x), for t G (0, t), with 9{a, x) solution to the Stokes 
Cauchy problem (I32D given in Lemma f3.2l It is known that 0* is a backward in time 
solution to the Stokes Cauchy problem on (0,t) x In the following, since there is no 
danger confusion, we denote pail) simply by p. 

Hence, after substituting, we get 


t—2ri 


t—2r) 


{v{t — 2r]),p9{2r])) = {vo,p9{t)) + 2 j {y p ■ S/ 9^)dT + J {v,9*Ap)dT 


t—2r} 


t-2rj 


(5.1) 


J {v ■ \7v,p9*)dT + J {ny,Vp ■ 9*)dT. 


The same relation written on the interval (0, s — 2rf) and with the test function /i^(s — 
t)pr{T)9’^{t,x) furnishes 


s — 2r) 


S — 27] 


{v{s — 2T}),(f9{2T})) = {vo,^p9{s)) 2 J (^J, Vv? ■ + J {v,9^Aip)dT 

0 0 

s—2r) s—2r) 

— J {v ■ V , p9'^)dT + J {'Ky,yp-9''^)dT. 


(5.2) 


From Lemma rS.ll one has 
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Passing to the limit as 77 tends to 0 on the right-hand side of (EH) and (15.211 ■ we can 
use the Lebesgue dominated convergence theorem, observing that the integrals on (0,<), 
such as the integrals on (0, s), are finite thanks to the estimates (13.61) with g < |. Hence, 
we get 


t I 

{v{t),(p9o) = {vo,'^9{t))+2 J■ V9*)dT + J{v,9*A(fi)dT 

0 0 

t t 

— y (u • Vu, ip9*^)dT + J(wy, • 9*)dT, 


and 


S S 

{v{s),(pOo) = {vQ,(p6{s)) H- 2 J {v, ■ V9^)dT + J (v, 9^A(p)dT 

0 0 

s s 

— y (u • Vu, (p9^)dT -1- y (iTy, V(/3 • 9^)dT. 


Then, we deduce 


t L 

(v{t) — v{s),ip9{)) = {vo,^{9{t) — 9{s))) +2 J {v,V(p ■ V9*)dT + J {v,9*A(p)dT 

S S 

t t 

— y (u • Vu, ‘f9*)dT -I- y (wy, Vip ■ 9^)dT 

S S 

Si+1 + 1 

+ E 2 y (u,V(/3-(V6»*-Vr))dT-k y {v,{9* - 9^)A<f)dT 

Si Si 

Si + 1 ^i + 1 

— [ {v ■ yv,ip{9* — 9^))dT + [ {Try,\7(p ■ {9* — 9^))dT 


(5.3) 


with Si = 0, S 2 = £, S 3 = s — e and S 4 = s. We limit ourselves to estimate the first term, 
all the integrals involving the nonlinear term v -Vv and the pressure field, as the others 
are of simpler discussion. 

i) Applying Holder’s inequality and the semigroup properties (13.7|) of the solution 9, 
we get 


\{vo,^{ 9 {t) - 6»(s)))| < ||uo||2||6'(<) -6»(s)|| 2 < cluobC ^ " (f - s)||6»o||i; 


ii) applying Holder’s inequality and the semigroup properties (13.61) . recalling estimate 
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dill) for the weak solution n, for p = 6, we get 

t t 

f {vVv,ip0*)dT < f [\\\vf\Vif\\0^\\\l + \\\vW\Ve*\\\l]dT 


I 

^y[lkllL2p(4_/j)||6>‘||p'+ ||^'||i2p(4 fl.)||V6>‘||p']dT 


^ y [II^IIl 2(4._R) ll^llL“(4,fl) mp’ + \mp')]dT 

s 

< ||'yo|||c(4;o)^s"t[(t-s )3 +(t-s)i]||6'o||i; 


iii) applying Holder’s inequality, the semigroup properties (13.61) of 0 and taking into 
account that t — t > s — t, we obtain 


I y (ti • Vz;, (p{0* — 0^))dT\ < y 11^ ■ + Ik ■ Vz;6*®||idr 

SI SI 

S2 

< [ lkll2||Vz;||2||0‘||oo + |k|| 2 ||Vz;|| 2 ||r||oodT 


< c|ko||2 


(s - r) ^drj " ^ J ||Vz;||^dTj ' ||0o||i < clkoiae" ^-^^Ikolli; 


iv) applying Holder’s inequality and the semigroup properties (13.711 of 0, recalling es¬ 
timate (1^ for V and that s — t < t — t, for p = 6, we get 


*3 *3 

I J {v ■ \7(p,v ■ {0*— 0‘‘))dT\ + \ J {v ■ \7{0* — 0^),v(fi)dT\ 


"2 lip,dr 


</ Iklliliv(0‘-d*)||p, + lhi2p 

1 2 r f 

< c\\Vo\\^c{Vo)^\\0o\\l{t-s) - -^- 


S — e _ 3 _^ 3 

2 2p j_ 1 — 


dr 


< clkolkcko)" [e 12 +£ j 2 ](t_s)|| 6 io|| 4 ; 


v) applying Holder’s inequality and the semigroup properties (13.6p . recalling estimate 
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(EH) for the weak solution v and that s — t < t — t, for p = 6, we get 

S4 S4 

\ J{v ■ Vc/9 ,V • {9^— 6^))dT\ + 1 J{v ■ V{6^ — 6^)^v(fi)dT\ 

S3 S3 

S4 

< / Mh.i4 )W{o^-on\^ 

S3 

" W0%,+ \\W6- 


< c||uo||2 c(vo)^ 


\\p' -r \\y \\p' - 


p' 


dr 


i 3 

1 5 £■ 4 4 

< c||uo|||c(uo)3^-rrlPoiii- 


(s-e)i 


Finally, we estimate the terms with the pressure field To this end, taking into account 
that, by definition, is nonnull on \ i? 3 ^, we can use estimate (j4.6p for fc = 3: 

lk«||L2(3^fl) < c(||u||^ + ||u||^ 4 ( 2 ,_R)), a. e. in t > 0 . 

By using (12.61) and the energy relation, we get 

hv\\L^3,R) < c(||Uo ||2 + ||?^o||2c(Uo)t"5). (5.4) 

We start with the estimate on {s,t): 

j) applying Holder’s inequality, the semigroup properties p.6l) for 9 and estimate 
(l5Hl) . we deduce 

t t 

I J {TTy\7(p,e*)dT\ < J ||7r„||i2(3_fl)||6»*||2dT < c(||Uo||2 + |ko||2c(Uo)s“5)(t_s)3||6(o||i; 

s s 


jj) by the same arguments as before and taking into account that s — r < t — r, we get 


S2 

J ( 0 ‘ 

Si 


d"))dT\ <cj || 7 r„||i 2 ( 3 _^)(|| 6'*||2 + || 6 »'*|| 2 )dT 
0 


- (gf (i^°i2 + ll^^o||2c(uo)r i)dT 

0 

- (g f II^^o|| 2 c(uo))£^|| 6 »o||i; 
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jjj) by the same arguments and employing estimate (13.7L we get 



< c 


I 


s—e 


e 


7r^l|L2(3,/{)||6»* - 6<®||2dT 


S—e 



e 


< c(||?;o||2 + lko||2c('yo)e =)£ ^ (t - s)||6io||i; 


jv) finally, 



< c(||Uo||2 + ||uo||2c(uo)(s - e) 2) J (||5»*||2 + ||6»'*||2)(iT 


s—e 


s—e 


< c(||wo||2 + ||uo||2c(uo)(s - e) 2)^1 ||6»o||l. 


Considering estimates i)-v) and j)-jv), and the corresponding estimates for the linear 
terms of relation (15.3|) . we deduce 


|(?;(t) - ?;(s),</j6(o)| < F(e, s, t, ?;o)||6(o||i, for arbitrary 9q S C'o(R^), 
with clear meaning of function F, hence 


\\{v{t) - w(s))(^||oo < F{e,s,t,Vo). 


Since we can assume t — s < e^, for fixed s > 0 and Vo the above estimates ensure 
lim F(e, s, t, Vo) = 0, the lemma is proved. 

£->■0 □ 
In the following lemma we give the representation formula for the weak solution (v,TTy) 
provided that \x\ > 2 MqRq. To this end, we recall that the representation formula is 
given by means of the fundamental heat kernel F[ (for its definition and properties see 

(1321)-(E3I)) and the Oseen tensor T (see my- 


T,j{t -T,x-y) := -t,\x- y\)S^J + -t,\x- y\) 

= H,j{t - T,X - y) + - T,\x - y\), 


r/2Vt 



0 


We denote by Tj{t—T, x—y) the j-th column of the matrix T^-. The pair {Tj(t—T, x—y),p), 
with p = 0, for t — r > 0 is a solution in the {t, x) variables of the Stokes system, and in 
the (r, y) variables of its adjoint system: 


Wr -I- Aw + Vp = 0, V • w = 0. 
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The following estimate holds: 

W'lDiTis, z)| < C(|0| + s^)-3-2fe-l/3| . (5.5) 

Finally, we recall that from the definition of T we get 

{Tj{t,x),(p) = for all ip S ,P{R^), p> 1. 


We set 


T[ii 0 r’](s, t, x) 


t 

j{v ■ VTi{t,x),v)dT . 

S 


If s = 0, we simply write T[ti 0 v](t, x). 

Lemma 5.3 Let (v,TTy) be a suitable weak solution to the Navier-Stokes equations. 
Then, for all t > 0 and s > 0, and almost a.e. in x € \ B 2 M 0 R 0 ! 

v{t, x) = IHI[r;(s)] {t — s,x) + T[ri (8) f] (s, t, x). (5-6) 

Moreover, for t > Tq and for a: S 

v{t,x) = ]HI[ri(To)](t - To,x) + T[ri (g) v](To,t,x). (5.7) 


Proof. Let us consider the weak formulation with a divergence free test function: 

t t 

{v{t), ip{t)) = {v{s), p{s)) - J {v, ifr + A(p)dT + Jiv- Vif, v)dT. (5.8) 

S S 

We set, for all i = 1, 2,3, and t — e > s, 

( 1 if r < t — e, 

ip{T,y) :=h^T)Jn[T,{t-T,x)]{y), with/i®(r) := < £ [0,1] if r £ [t - e, t - |], 

[0 if T >< - f, 

where J„ is a Friedrichs mollifier. Hence, inserting such a p in (15.81) with t replaced by 

t—£, and recalling that Ti is a solution backward in time with respect to (r, y) £ (0, t) xK^, 
we obtain 


t—e 

j(t - e), Jn[H{£,x)\) = {Vi{s), Jn[H{t - s,a:)]) + J ' VJ„[T;(t - T,x)],v)d7 


(5.9) 


We perform the limit as £ —>■ 0. To this end, we deal separately with the terms of the 
last integral equation. 
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i) The first term can be written as: 

{Vi{t-e), Jn[H{£,x)])-Jn[Vi{t)]{x) 

= jVi{t-e, y) jjn{y-z)H{e, x-z)dzdy-JJn{x-y)vi{t, y)dy 


= J H{e,x-z) J Jn{y - z)vi{t-£,y)dy - j Jn{x - y)vi(t,y)dy 

R3 R3 R3 

= / H{£,x-z) j Jniy-z)vi{t-£,y)dy- j Jn{x-y)vi{t,y)dy 

\x-z\>r) R3 R3 


dz 


dz 


+ J H{e,x-z) j Jn{y- z)[vi{t-e,y)-Vi{t,y)]dydz 

\x — z\<r) 

+ J - z) J [Jniy - z) - Jn{x - y)]vi{t,y)dydz = 

\x—z\<r} !R3 

Thanks to the energy inequality, the L^-norm of v is finite for all t > 0. Hence, for all 


n G N, 


Jniy-z)vi{t-£,y)dy- / Jn{x - y)vi{t,y)dy belongs to L 


uniformly 


R3 


with respect to e. Therefore it is easy to deduce that, for all x G and f] > 0, 


lim Ii{£, rf) = 0. 

£->■0 

For the term / 2 , for t] > 0 sufficiently small and n sufficienty large, we get 

\h{e,r])\ < \\H{£,x)\\L^Bix,■n))\\Jn['>^^('t - 

— \\H J x)\\ [B (x ,7])) \\xi{t — e) — Viit) ||loo(|j/|>2Mo-Ro) ’ 

and, by the continuity proved in Lemma lS^ we deduce, for all |x| > 2MqRo and rj > 0, 

lim hisyr]) = 0. 

£->■0 

Finally, there holds 

\hi£,V)\ < \\H{£,x)\\L^B{x,ri))\\Jn[v7{t)]{z) - K (t)] (x) || c(B(x,r,)) 

< \\Jn[Vi{t)]{z) - Jn[Vi{t)]{x)\\c{Bix,r,)), for all £ > 0. 

Since, for all n G N, Jn[viit)](z) is a continuous function of z, we deduce that 
I lim lim/3(£:,7?)| < lim \\Jn[vi{t)]{z) - Jn[vi{t)]{x)\\c{B(x,r,)) = 0. 

77 —>-0 ??—fO 

Hence, for all n G N, we have proved that 

lirn(wi(t-£:), J„[iJ(e,x)]) = J„[vi(t)](x). (5.10) 


ii) Trivially, the second term admits limit for e —>■ 0. 
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iii) For the last term it is enough to note that, for all n G N, VJ„[Ti(t — r, a;)] £ 
L^(0, <; L°°(R^)) and v G L°“(0, T; L^(]R^)), then, applying the Lebesgue dominated con¬ 
vergence theorem, we deduce the limit property 


Im J{vVJn[Ti{t — T,x)],v)dT = J{vVJn[Ti{t - T,x)],v)dT . 

S S 

So that from (|5.9|) . via (I5.10l) - (l5.1ip . we have proved 

t 

Jn[Vi{t)\{x) = ]HI[J„[tii(s)]](t - S,a;) -I- J {v ■ V Jn[Ti{t - T,x)],v)dT, 

S 

for {t,x) G (0,T) X \B2MoRo)- 


(5.11) 


(5.12) 


Now, we perform the limit as n —>■ oo. We begin by remarking that, for all t and 
s, {^n['c(i)]} and {./nb(s)]} converge in L^(R^). So that there exists a subsequence, 
labeled again by n, converging almost everywhere in (t,x) to v(t,x), and to u(s,x) in 
L^(R^). Therefore, recalling that, for all t — s > 0, H{t — s,x — y) G L^(R^), almost 
everywhere in a; G \ B 2 M 0 R 0 the following limit properties hold: 


\im Jn[vi{t)]{x) = Vi{t,x) and lim]HI[J„[ui(s)]](t — s, a:) = EI[ui(s)](t — s, a:). (5.13) 

n n 

Since for \x\ > 2 MqRq 

\iT[\Jn\S/Ti{t - T,x)\{y) =VTi{t - T,x - y) and \VTi(t - t,x - y)\ < C{x), 

n 

for all {T,y) G (0,t) x B 2 M 0 R 01 

and V G L°°(0, T; L^(]R^)), the following limit holds for all |a;| > 2MqRq-. 


lim 


v{T,y) ■ Jn[VR{x,t- T)]{y) ■ v{T,y)dydT 


s \y\<2MoRo 


T 

j J v{T,y) -yTiix - y,t - t) ■ v{T,y)dydT. 


(5.14) 


S |y|<2Mofio 

Since VT(s, z) G L^(0, T; L^(]R^)), then J„[Vri(t —r, x)]{y) converges to VTi{t — T,x — y) 
in L^(0, T; L^(R^)). Moreover, since by (12.611 

lk(t)llL“(|!/|>2Moiio) < c{Vo)t~^, 

then the following limit holds for all \x\ > 2 MqRq: 


lim 


v{T,y) ■ J„[VTi(t - T,x)]{y) ■ v{T,y)dydT 


s |y|>2Moflo 


I 

J j v{T,y) ■\7T,{t - T,x - y) ■ v{T,y)dydT. 


(5.15) 


\y\>2MoRo 
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So that passing to the limit in (I5.12I1 . thanks (I5.13I1 - (I5.15|) . we get 

t 

Vi{t,x) = - s,a;) + J{v ■ VTi{t,x),v)dT, 

S 

for {t,x) e (0,T) X (R^ \ B2MoRo)- 


(5.16) 


This proves (15.61) for s > 0. Let us show its validity for s = 0. Since for t > 0 a solution to 
the heat equation is a continuous function, and since the weak solution u is a continuous 
function in s = 0 in the L^-norm, we easily get 


lim ]HI[tii(s)](t — s,x) = lim ]HI[uoi](t — s, x) + lim ]HI[z;i(s) — Voi]{t — s, x) 

s^O s—>-0 

= IHI[uoi](t, x), a.e. in X G 


(5.17) 


For the integral term we have to verify that the integral is well posed on (0, t) x 
Noting that 

|x| > 2MoRo => \VTi{t -T,x-y)\ < c(x), for all (r, y) G (0,t) x B2MoRo> 
we deduce 

J |w • Vri(t,x) • w|dy < c(x)||u ||2 < c||uo|| 2 , for all r G (0, t). 

\v\<2MoRo 

Moreover, by virtue of (12.61) we have 


{\y\>2MoRo} 


< ll?^( 


' 3-2e 11 II 3-2e 






Therefore, applying Hoder’s inequality, we deduce 
[ \v-yTi{t,x)-v\dy < ||VTj(t,x)||3_ ||up 3-2e 

J 2 L6-4e 


\y\>2MoRo 


{\y\>2MoRo) 


/ . 3-4£ 2 

<c(t — r) 3~2s r 3-2e . 


The above estimates and the limit property (15.171) allow to make the limit as s —?> 0 in 
(15.161) . and complete the proof of estimate (15.61) . 

Finally, since the solution is regular for t > Tq (see [5]), we could repeat the above 
argument lines with obvious simplifications, starting from (15.9L and get (EZD- 


6 Spatial behavior of the weak solution: proof of Theorem ll.2l 

For all a, 6 < 1, we set 

1 

A:= J — r)~^dr . 

0 

Hence, we get 

t 

J - T)-^dT = for all t > 0. (6.1) 
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To prove Theorem ll.21 as a first step, we only prove estimate (11.311 on the interval (0,1) 
and |a;| > i?i := ^MqRq. 

Our starting point is the representation formula (I5.6I1 . that we write as follows 

v{t, x) = w{t, x) + T[m 0 M](t, x) + T[tt 0 w]{t, x) + T[rt; 0 x) + T[w 0 w](t, x ), (6.2) 

where w is the solution of the Stokes problem whose properties are established in Lemma lOl 
and u = V — w. Recall that, thanks to Lemma l476l u satisfies estimate (I4.14|) . We intro¬ 
duce the following decomposition: 

T[a 0 b] {t, x) := [a 0 b] {t, x) + [a 0 b] {t, x ), (6.3) 


where 


Z 

0 &](t,x) := J j a{T,y) ®b{T,y) ■S/T{t - T,x - y)dydT , 


0 \y\<^\x\ 
t 


T(^)[a0 6](t,a:) := J J a{T,y) <Si b{T,y) ■ VT{t - t, x - y)dydT . 
0 l!/l>fkl 


We estimate the terms on the right-hand side of (Ol) . Our task is to prove that all the 
terms satisfy the bound given in (11.31) . 

i) For the solution w estimate ()1.3I) follows from Lemma lOl 

ii) Since \y\ < ||x|, if a and b G L°“(0, T; L^(IR^)), employing estimate (15.Sp . we easily 
deduce 


t 


|TW(t,a;)| < 


{\x — y\ + {t — t)^) '^\a\\b\dydT < c\x\ gup ||a||2||6||2. 


° |y|<fkl 

Since u and w G L°°{0,T\ L‘^{R^)) and a G [1,3), the above estimate ensures that 

|T(^)[u 0 m]| -I- 0 w]{t, a:)| -I- |T^^^[w 0 u]{t, a;)| -I- |T^^^[r(; 0 w]{t, a:)| 

< c(wo)(l + |a;|)““, it,x) G (0,1) X \ . 


iii) First of all, we note that 


|T^^^[M0r(;](t,a:) -I-[w 0 u](t, a;)| < 2 


i\x-y\ + (t-T)^) ^\u\\w\dydT 


0 |y|>f|a:| 


Also, since \y\ > ||a;| > AMqRq, then p.6ll and ()3.5I1 imply in particular 

\u{t,y)\ < c{vo)t~^. 


(6.4) 
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Hence, from the above integral inequality and again using (1331) for w, recalling 
iH), it follows that 

(g) w]{t,x) \ + 0 u](t, a;)| + 0 w]{t,x)\ 


< 2c(no)(l + |x|) J (|x - y| + (t - r)2) "‘r = dydr = c(wo)(l + |a;|) 
0 |y|>fkl 


{t,x) G (0,r) X \ Bui ■ 


iv) In this step, we give a first estimate for T^^'>[u,u]{t, x) of the kind (11.31) . Subse¬ 
quently, employing all together estimates i)-iv), we prove (11.31) for [m, u](t, x), 
completing the proof of the theorem for t G (0,1). 

First of all, using the interpolation between L'^-spaces, estimate (14.141) and estimate 
(lOl) give 


6-4e 

(6,1x1) 


< ll^ll2^(6.|.|)ll«lli~(6.|.|)^c(UoK 


1 l+2e . 

2 3-2e 


1 1 - 2 £ 
■ 2 3-2e 


t > 0, 


(6.5) 


where, here and in the following, e G (0,^). Applying Holder’s inequality, then 
estimates (|6.5I) and (IQ) . we get 


I 

|T(2)[M,u](t,x)| <cj ||VT(t,; 




dr 


I 

/ N /*/ . 3-4e l + 2e , , . 1 

< c{vo) — dr < c{vo)t 3-2£ 


l-2e 
3-2e , 


Now, from formula (16.2p and estimates i)-iv) we get 

|n(t,x)| < c(?;o)<“^|x|“^, (<,x) G (0,1) x \ Br^. 
On the other hand, taking into account (13.51) and that u = v — w, then 
\u{t,x)\ < c{vo)t~^ \x\~^^, {t,x) G (0,1) X R^\Bii^ . 
Employing estimate (14.141) and (16.6L we modify (16.51) as follows 


u\\ G-4e 

L i-2s (|y|>|x|) 


< I|m 


l-2e 2 

L2(6,|x|)ll“llL~(|y|>|x|) 


< c{Vo)t‘^-^^ \x\ t G (0,1). 


We evaluate [m, u]{t, |x) via (I6A1) : 


I 

|T(2)[M,'u](t, |x)| < C / ||VT(t, |x)|| 3_g||uf dr 

J ^ L1-2E (|y|>|a:|) 


< c(no)|x| 


4-8e 

(3-2e)^ 


t 

/ , - 3-4e 4 

{t — r) 3-2e7-3-2e (3-2£)^ 

0 


l-f2e i-2e 4-8e 

<c{vo)t (3-3=)’" |x| 13^^, (t,x) G (0,1) X R^ \ 


( 6 . 6 ) 


(6.7) 


( 6 . 8 ) 
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Now, from formula (1621), estimates i)-iii) and estimate dSSl) , via (13.511 . we modify (16.611 
as follows: 


l + 2e i-2e 4-8e 

\u{t,^x)\ < c{yo)t (3-2e)^ \ x \ 3-2e (3-2e)2 ^ (t, x) G (0, 1) X \ 


(6.9) 


Employing estimate (14.1411 and ()6.9I1 . we modify (16.711 as follows: 


||u|| 6-4e < M r2?fi I h M 1^71 u 

II llLT^(|y|>I|x|) - " lli"(6>l)ll llL“(|y|>|k|) 


1-2£ 2+4e 


_ 1-2£ (2-4e) 

<c{Vo)t‘^~*^ (3-2e)3 \x\ 3--*= (3-2e)3 (3-2e)3 ^ ^ g 


( 6 . 10 ) 


By the same arguments we evaluate T(^(*[M,u](t, ||x)as 


|T(2([u,M](t, §x)|< c j \\T{t,lx)\\3_^ 
0 


up 6-4e dr 

Li-2e (|i/|>J|a;|) 


l_2e 4-8e 

<c(7;o)|^| (3-2ey^ 


t 


16-32g 

(3-2£)a 


(t-r) 


3-4£ 
3-2£ 'T" 


1 - 2 £ 

3-2£ 


4+8£ 

dr 


( 6 . 11 ) 


0 


< civo^lxy, {t,x) G (0,1) X \ Br^ , 


with a := 7 ■= ~ ( 3 - 2 sY^ ■ Exponent a is nonnegative for 

all e G (0,1 — v^]- We choose e G (0, | — \/5) such that 7 = —§• If a < then estimate 
i)-iii) and estimate (16.1111 give 

\v{t, ||a:)| < c(uo)|a;|““, for all {t,x) G (0,1) x R^^ \ Br-^ . 

Therefore, for i ?2 := ^Ri and a G [1, |], 

\v{t,x)\ < c{vo)\x\~°‘ for all {t,x) G (0,1) x R^ \ Br^ . (6-12) 


If a > |, then, taking into account estimate (16.1211 . 

|n(t,a:)| < |'u;(<,a:)| + |T[i;,w](t,a:)| < \w{t,x)\ + |T(i^)[n,n](t,a;)| + |T(2)[z,,r;](t,x)|, 

t 

T^^'>[v,v]{t,x) := f f \VT{t-T,x-y)\\v{T,y)\'^dydT, 

° \v\<'4 

t 

T(^)[u,u](t,x) := / f \VT{t-T,x-y)\\v{T,y)\‘^dydT, 

° |y|>¥ 


for all (t, x) G (0,1) X RI^ \ B 2 R 2 ■ 


The term admits the estimate: 

|T(^^[n,n](t,a:)| < for alH G (0,1). 
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Since \x\ > 2i?2, thanks to (16.1111 for 7 = — the term n](t, x) admits the estimate: 

t t 

\T’^^^[v,v]{t,x)\ < J WT(t-T,x)\\l\\v{T)f^^^^^^^^^^^^dT <ciVo)\x\-^ J{t-T)-idT 
0 0 
< c(?;o)|x|“^, for all t G (0,1]. 

Since a < 3, the above estimates and (16.121) . for a G [1, 3), prove 

\v(t, x)\ < c{vo)\x \~°‘, for all {t, x) G (0,1) x \ B 2 r^ ■ (6.13) 

We complete the proof of Theorem ll.2l for t > 1. 

We consider representation formula (15.6p for s = 1. Since the previous arguments 
ensure that |i;(s,a;)| < c(uo)|a;|““, for all a; G \ then, thanks to Lemma lXTl we 
easily deduce that 

|EI[i;i(l)](t — l,x)| < c(r!o)|a;|““, for alH > 1 and x G \ i? 2 fi 2 ■ (6.14) 

So that we evaluate T[x,x](t,x), whose decomposition is 
T[n, ^((t, x) := [r>, r;](t, x) + T^‘^'>[v,v]{t,x) 

with 

t 

T^^^[v,v]{t,x):= f j \VT{t - T,x - y)\\v{T,y)\^dydT 
^ |y|<¥ 

t 

T(^)[x,x](t,x) :=j J \VT{t - T,x- y)\\v{T,y)\'^dydT, for all (t,x)G (l,r)x R^\B 2 R 2 - 
^\v\>^ 

We initially consider a G [1,2]. Taking into account (15.5L the term admits the 

estimate: 

t 

|T^^^[n,r!](t,x)| < c J (jxj^ + f — x)“^||xo|| 2 d'r < c(no)|x|“^, t > 1 
1 

If a G (2, 3), then, in particular we get Vo G ji (M^), Hence, by the results of Lemma[221 

||v(t)||2 < c(no)t~^,t > 0. (6.15) 

So that, employing (15.5p and (|6.15|) . we are able to estimate [?;, v]{t, x) in the following 
way: 

t 

|T(i)[?;,?;](f,x)| <cj ||VT(< - r, ||n(r)||^dT 

1 

t 

< c|x|“^ {t — T)~iT~idT = c{Vo)\x\~^^t > 1 . 


1 
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Therefore, we have proved that 


for all a G [1, 3), < c(r;o)|x| t > 0. (6.16) 


We consider again the decomposition: 

v]{t,x) = u]{t, x) + (g) w]{t,x) + (g) u]{t, x) + ® w]{t, x). 


Moreover, we recall that the estimate of item iii) holds uniformly with respect to t. Hence 


(g) w]{t,x) \ + (g) u\{t,x)\ + (g) w]{t,x)\ < c(?;o)|a:| “, 

for a G [1, 3), < > 1 and x G \ B 2 R 2 - 


(6.17) 


We consider the [u u] (t, x) , for which we argue as in item iv). Taking into account 
that |x| > 2i?2, estimate (14.141) and estimate (16.41) . employing the interpolation between 
L^-spaces, give 


u 


6-4e I I 

Ll-2e(|y|>M) 


< 11^^ 


l-2e 2 

3-2e II II 3-2e 

L2(2,|x|)ll“llL~(|y|>f|2:|) 


, , _ii±2£, , 

< c{Vo)t 2 3-2e |a;| 


^,t>0. (6.18) 


By using estimate (15.51) for T(s, z) and estimate (16.181) for u, applying Holder’s inequality, 
we get 


0 u]{t 


t 

T,x)\ <c j ||VT(t 
1 


6 —4e 

Ll-2e(|y|>N) 


t 


< c{Vo)\x\ 


l-2e 

3-2e 


/ 


{t-r) 


3-4e 
3-2e 7 "' 


1 + 2 £ 
3-2e 


dr < c{vo)t 3-2e 


l-2e 

3-2e 

5 


1 


t > 1 and X G \ B 2 R 2 ■ 


The last estimate, together with estimates (16.161) and (16.171) . furnishes 


|w(t,x)| < c(Xo)|x| > 1,X G \ B2R2- 


Now, for the term 0 x], we employ a bootstrap argument to realize the exponent 

a of spatial decay. The last estimate and estimate (12.71) give 


|x(t,x)p < c(xo)|x| 


4 l-2e , 

3 3-2e 


< c(Xo)|x| 3 3-2et 2 > 0,X G \ B 2 R 2 


(6.19) 


Hence, recalling that ||Vr(t — r,x)||i < c{t — r) 2 and ()6.1I) . we get 


|T^^^[x0x]| < c(xo)|x| 


t 

3 ^ yi|VT(t—T,x)||ir“^dT < c(xo)|x| 
1 


33 - 2 =, t > 1, X G 


The last estimate, together with estimates (I6.16L(I6.17I) . furnishes 


|x(t,x)| < c(xo)|x| 3 3 - 2 e > l,a; G \ B2R2- 
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Thanks to the last estimate, we modify (I6.19|) as 


|z;(t,x)p< c('yo)|a;| 3-2e | 


,<c{vo)\x\ (3) > 0,x G ]R^\-B2/J2- (6.20) 


If we compare (16.191) and (16.201) . then, we find that the exponent of spatial decay is 
increased of a factor |. Since this can be made in sequence, after a finite number of steps 
we arrive to an exponent greater or equal than a, proving the final estimate (11.31) . The 
theorem is completely proved. 


7 Asymptotic time behavior: proof of Corollary ll.il 

Thanks to estimate (IE3I, to achieve the proof of Corollarv ll.il we can limit ourselves 
to prove estimate (IE5|. Further, it is enough to prove (lEg for j5 = a. The instant 
To < c||r!o|| 2 i given in Corollarv ll.il is the same of Lemma l^^ and it is due to Leray in 
[S]. Moreover, thanks to estimate (l^3t , we can prove (11.51) for a G (|,3). To this end 
we start from formula (E3 written for t > 2 Tq: 

t 

Vi{t,x) =M.[v^{To)]{t - Tq,x) + J{v ■VTi{t,x),v)dT, for (t, x) G (0, T) x (7.1) 

To 

From Theorem ll.2l and Lemma lT^ we get 

|u(To,x)| < c(wo){l + for all x G R^. (7.2) 


Then, thanks to the proprieties of the solutions to the Stokes Cauchy problem (see e.g. 
H), we have |]HI[x(To)](t — To,x)| < c{vo)t 2 . Thus, to achieve the result we only need 
to estimate the nonlinear term in dLH). We set 


C 2 C 

J {v ■ \7Ti{t, x),v)dT ~ y t), v)dT ^ J ^)) T)dT =: Ii + l2- 

To To I 

By virtue of (15.51) and (17.2|) . for all a G (|, 3), we easily deduce the estimate: 


2 

|di|<c(uo) J J{\x-y\ + (t-T)i)~'^{l + \y\)~'^°'dy <c{vo)t~'^. 

To B3 

Instead, for the term I 2 we achieve the result in two steps. For a G (|, 2], recalling that 
(1^ holds, we get 


|/2|<c('Uo) j y(|x - y| + (t - r)2) 2+la)a^ 2 dydx 

1 R3 

< c{vo)t~T ( \x- y\~‘^{l + \y\)~^‘^dy < c{vo)t~'i. 

R3 
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Hence, by the first step for I 2 and the result for Ii and for the linear part, we conclude 

|u(f, x)| < c{vo)t~^, for all a £ [1,2]. 

For a £ (2,3), we invoke this last estimate. Hence, the estimate for /2 becomes: 

t 

Ihl < c{vo) J J{\x-y\ + {t- r)5)"'‘(l + 

1 R 3 

<c{vo)t~'^ ( \x-y\~‘^{l + \y\)~'^dy <c{va)t~'^. 

R3 


Therefore, the proof is completed. 
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